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Let f(x) and g(«) be polynomials with rational coefficients, with g(x) # 0. Suppose that

there are infinitely many integers a for which is an integer. Show that f(z) is a

g(a
multiple of g(z); in other words, f(x) = g(z)q(x), where ¢(z) is a polynomial with rational
coeflicients.

Solution:
Proof. By long division, we can write f(z) = g(x)g(x) + r(z), where ¢ and r are polyno-

mials with rational coefficients and degr < degg. Let d be a common denominator for the
coefficients of ¢(x), so that dg(x) has integer coefficients.
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Now suppose a is an integer and is an integer. Then d- is an integer, as is dq(a).

Thus their difference,
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is an integer as well.
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But because degr < degg, we know lim —= = 0, so eventually

=0 g(x)
( ) =0 for all but finitely many of them.
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Then r is a polynomial with infinitely many zeros, so r(x) = 0, and therefore @) =q(x), a
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an integer for infinitely many integers a, then d -

polynomial with rational coefficients. O]
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