
Problem of the Week #9
(Spring 2021)

Suppose x1 = 0, x2 = 1, and when n ≥ 1, xn+2 = xn+1 +
xn

n
. Find lim

n→∞

n

xn

.

Solution:

The limit is e.

Proof. For n ≥ 2, let dn =
xn

n
− xn−1

n − 1. We claim that dn =
(−1)n
n!

. The proof is by induction

on n: d2 =
x2

2
− x1 =

1

2
, and for n ≥ 3,

dn =
xn

n
− xn−1

n − 1
= 1

n
(xn−1 +

xn−2

n − 2) −
xn−1

n − 1

= 1

n
[(n − 1)xn−1

n − 1 + xn−2

n − 2 −
nxn−1

n − 1 ]

= − 1
n
[ xn−1

n − 1 −
xn−2

n − 2]

= − 1
n
dn−1.

The dn are the terms of a telescoping sum:
n

∑
k=2

dk =
xn

n
− x1

1
= xn

n
. On the other hand,

n

∑
k=2

dk =
n

∑
k=2

(−1)k
k!

= 1 − 1 +
n

∑
k=2

(−1)k
k!

=
n

∑
k=0

(−1)k
k!

,

which gives us

lim
n→∞

n

xn

= 1

lim
n→∞

xn

n

= 1
∞

∑
k=0

(−1)k
k!

= 1

e−1
= e.
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