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Find all integers x and y for which 23 + 22 + z + 1 = y3.

Solution:

The only integer solutions are (x,y) = (0,1) and (z,y) = (-1,0).
Proof. First of all,

0 < 3%+ (x-1)*+1
0 < 42?-22+2
23-322+3x-1 < 2P+2l+x+1
(z-1)% < 2*+22+2+1
Secondly,
r<-1 or 20
20(z+1) > 0
202 +2x > 0
3+32%2+3z+1 > 2P+t
(z+1) > 2P+a*+a+1

Soif 23+ 22 +x+1=y3, then (z-1)3 <y? < (z+1)3, which means y =z or y =z + 1.

However, if y = 2, then 22 + x + 1 = 0, and then x is not an integer, nor even a real number,
since the discriminant of this quadratic equation is b2 —4ac = -3 < 0. It follows that y =z +1,
and (by the above computation) that

(z+1)* = 2P+2%+x+1
x(x+1) = 0

r=0 or x=-1.
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