
Problem of the Week #10
(Spring 2018)

Let S be a square, and let R be the set of points in S that are closer to the center of S than

to any edge of S. Find
area(R)
area(S) .

Solution:

We choose a coordinate system so that S has edges where
x = ±1 and where y = ±1.
The parabola with vertex (0,0) and directrix y = −1 forms
part of the boundary of R. This parabola passes through
(0,−1/2) and (±1,0), so it is y = (x2 − 1)/2. By symmetry,
the boundary of R is formed by the parabolas y = ±(x2−1)/2
and x = ±(y2 − 1)/2.
By symmetry, these curves intersect in pairs at points where
y = ±x; the intersections are at (±(

√
2− 1),±(

√
2− 1)). The

portion of R where 1 −
√
2 ≤ x ≤

√
2 − 1, and the portion

where 1 −
√
2 ≤ y ≤

√
2 − 1, both have area

∫
√

2−1

1−
√

2
(1 − x2)dx = 8 − 4

√
2

3
.

The union of those two regions is R, and their intersection is a square with side length
2
√
2 − 2, so the area of R is

2 ⋅ 8 − 4
√
2

3
− (2
√
2 − 2)2 = 16

√
2 − 20
3

.

Therefore,
area(R)
area(S) =

4
√
2 − 5
3

≈ 0.21895.
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