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Which positive integers N have the property that when you delete the third digit of N (in
base ten, counting from the left), you get a divisor of N?

Solution:

Suppose that M is formed by deleting the third digit of N. If N consists of two digits
followed by one or more zeros, then N = 10M, because then deleting the third digit of N, a
zero, is the same as dividing N by 10, and so M is a divisor of N.

Now suppose that N = kM for some integer k. In base ten, we can write

N=do'lon+d1'10n_1+d2'10n_2+d3'10n_3+"'+dn,1'10+dn (1)
M=dy- 10" +dy - 10" 2 +dy- 10" 3 +---+d,_1 - 10+ d,,
10M =dy-10"+dq - 10" +d3 - 10" 2 +--- +d,_5- 10> + d,, - 10 (2)

We can subtract (1) from (2) to obtain:

10M - N = (dg—dg) -10”_2+(d4—d3)-10”_3+---+(dn—dn_l)-lo—dn

(10 - ]{])M = (dg - dg) : 10”72 + (d4 - dg) . 10”73 + -+ (dn - dn—l) -10 - dn (3)
Hence ——N < 10", If we suppose that k < 10, though, we find
10-k, 1 1 dn 4 one
TNz EN> 1—0N:d0-10”‘1+d1-10”_2+d2-10”’3+d3-10”_4+---+dn_1 ke 0™,

which contradicts (3).
Likewise, if k > 11, then

ON < 10", If k > 12, this implies 10k = k+9k > k+108 > k+100,
k-10 1

so 10(k - 10) > k, which means > 10 Now:
k-10 1 d, -
TN> 1—0N= do-10"  +dy - 10" 2 +dy- 10" 3 +dg- 10" + -+ dppy + 0> 10,
which is a contradiction again.
N k-10

We can’t even have k = 11, or else M = o TN < 10™ !, which would mean that M

had two fewer digits than N, though we only deleted one digit from N to form M.
Therefore k = 10, and from (3), we know

0= (d3 - dg) . 10n—2 + (d4 —d3) . 1071—3 + -+ (dn _dnfl) -10 + (0 —dn),
implying that dy =d3 =dy=---=d, =0. ]
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