UNIVERSITY OF WISCONSIN

PLATTEVILLE

DEPARTMENT OF MATHEMATICS

PROBLEM OF THE WEEK #5
(Fall 2023)

Point B is on segment AC with AB =9 and BC = 21. Point D is not on AC, and AD = CD.
Assuming that AD and BD are integers, what could be the perimeter of A AC'D?

Solution:
The possible perimeters of AACD are 64, 96, and 220.

Solution. Let P denote the perimeter of AACD: we have P =30+ AD+CD=30+2-AD.
Construct the altitude DE 1 AC, with length > 0. Since AADF isisosceles, AE =15=CFE,
and BE =15-9=6. The Pythagorean theorem, applied to AADFE and ABDE, yields:
225 = AD? - 2?
36 = BD? — 2>
189 = AD?* - BD?
189 = (AD - BD)(AD + BD)
Since 0 < AD - BD < AD + BD, we know AD — BD is a positive divisor of 33 -7 = 189 with

1<AD-BD <+/189 < 14. Therefore AD - BD is in {1,3,7,9}. Observe that the perimeter
of AACD is P=30+2-AD =30+ (AD + BD) + (AD - BD), and consider all four cases.

e f AD-BD =1, then AD + BD =189 and P =30+ 189 + 1 = 220.
o If AD-BD =3, then AD+ BD =63 and P =30+ 63+ 3 = 96.
o f AD-BD="7,then AD+ BD =27 and P =30+ 27+ 7 = 64.

o If AD-BD =9, then AD + BD = 21. But that means AD =15 and BD = 6; in other
words, D = E, and D lies on AC, contrary to our initial assumption.

Thus P is either 64, 96, or 220. O
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