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Given real numbers ag > by > 0, construct a pair of sequences inductively as follows.
For each n, let a,,; be the arithmetic mean of a,, and b,:
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And let b,,,; be the harmonic mean of a,, and b,,:
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Show that the sequences {a,} and {b,} both converge to the same limit, which is \/agbg, the
geometric mean of ag and by.

Solution:

Proof. Define A(z,y) = w, H(xz,y) = L. ny , and G(z,y) = \/ry — the arith-
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metic, harmonic, and geometric means of x and y, respectively.
We are given a,,1 = A(an,b,) and b1 = H(ay,,b,). Note also that

an +b, 2a,b,
G(anﬂ; bn+1) = \/ 5 : =\ anbp = G(ana bn)a

an + by,

which therefore equals G(ag, by) = v/agby by induction.
It is well known* that when y >z > 0, we have z < H(x,y) < G(z,y) < A(z,y) <y, so

by, < bps1 </ aobo < Ap+1 < Qp.

This shows that {a,} is a decreasing sequence with lower bound /agby, and {b,} is an

increasing sequence with upper bound /agbg, so both sequences converge by the monotone

convergence theorem. Let a = lim a,, and 8 = lim b,. Since A is a continuous function,
n—o0 n—o0

a ; b = A(a, ) = A(lim ay, lim bn) = lim A(ay,,b,) = lim a,.1 = a,
so a+ 3 =2a, or B =a. Since {a,} and {b,} have the same limit, it must be \/agbo. O

Source: Suggested by Dan Swenson; see D.M.E. Foster and G.M. Phillips, “A generalization
of the Archimedean double sequence,” Journal of Mathematical Analysis and Applications
101:2 (July 1984), 575-581.

*Among people who know about it.



