
Problem of the Week #6
(Fall 2022)

Notice that 22 + 22 + 32 = 17, which is a prime number.
Suppose that a, b, and c are prime numbers, all of which are greater than or equal to five.
Show that a2 + b2 + c2 is not prime.

Solution:

Proof. Since a is prime and a ≥ 5, a is not divisible by 3. Working modulo 3, we have
a ≡ 1 or a ≡ 2, which means a2 ≡ 12 = 1 or a2 ≡ 22 ≡ 1. Likewise, b2 ≡ 1 and c2 ≡ 1,
so a2 + b2 + c2 ≡ 1 + 1 + 1 ≡ 0. That is, a2 + b2 + c2 is a multiple of 3. But of course,
a2 + b2 + c2 ≥ 3 ⋅ 52 = 75 > 3.
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