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1
Let 2z be a complex number. Given that z + — = 2cos(5°), find 2292 + 505
z z

Solution:

Choose real numbers r and 6 so that » > 0 and 2z = re?® = r(cosf + isinf), which means
L=l = L(cosf —isind). We are given:

z s

2008(1) =z+ 1 =r[cosf +isinf] + 1 [cosf —isinf] = cos@[rJr 1] +isin0[r— 1]
36 z r r r
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The imaginary parts of this equation are equal, so 0 = (sin ) [7“ - ;]. Suppose that siné = 0.

o If cosf =1, then 2cos 55 =1 + 150 r2- (2 cos 3—’%)r +1 =0. The discriminant of this
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quadratic equation is 4 cos? £z —4 <0, so r is not real — a contradiction.

o If cosf = -1, then 2cos 55 = - [r + %] The left side of this equation is positive and the

right side is negative — a contradiction.

Since sinf # 0, r = %; but » >0, so r=1. Now 2cos(%) =2cosf + 0isinf, so 008(16) = cos¥f.

We may require -7 < @ <7, and conclude that 0 = 5 and z = e*™/36. Finally,
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— 613377”/6 + 64=3377rz/6

337w\ .. (33Tm 337\ .. 337
=cos( )+zsm(T)+cos(—T)+zs1n(—T)

9 cos (3377r)
6

= 2005(567r+ g)

Source: Adapted from Problem #9 of the 2000 American Invitational Mathematics Exam
(Version 2). In: Scott A. Annin. A Gentle Introduction to the American Invitational Math-
ematics Exam. The Mathematical Association of America (2015), 136-137.



