
Problem of the Week #8
(Fall 2016)

Evaluate:

lim
n→∞ [ 1√

n2 + 1
+ 1√

n2 + 4
+ 1√

n2 + 9
+ 1√

n2 + 16
+ ⋅ ⋅ ⋅ + 1√

n2 + n2
] .

Solution:

lim
n→∞ [ 1√

n2 + 1
+ 1√

n2 + 4
+ 1√

n2 + 9
+ ⋅ ⋅ ⋅ + 1√

n2 + n2
] = ln (1 +

√
2) .

Proof. Our goal is to evaluate

L = lim
n→∞

n

∑
k=1

1√
n2 + k2

= lim
n→∞

n

∑
k=1

1√
n2 + k2

= lim
n→∞

n

∑
k=1

1

n
√

1 + (k/n)2

= lim
n→∞

n

∑
k=1

f(xk)∆x,

where f(x) = 1√
1+x2 , ∆x = 1

n , and xk = 0 + k∆x for 1 ≤ k ≤ n. This is the right Riemann sum

for the definite integral of f(x) over the interval [0,1], so

L = ∫
1

0

1√
1 + x2

dx

= ∫
π/4

0

1√
1 + tan2 θ

sec2 θ dθ (x = tan θ)

= ∫
π/4

0
sec θ dθ

= ln ∣ sec θ + tan θ∣
π/4

θ=0
= ln ∣

√
2 + 1∣ − ln ∣1 + 0∣

= ln (1 +
√

2) .
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